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Abstract
We consider a massive Rarita-Schwinger field on the Anti-de Sitter space and
solve the corresponding equations of motion. We show that appropriate boundary
terms calculated on-shell give two-point correlation functions for spin-3/2 fields of
the conformal field theory on the boundary. The relation between Rarita-Schwinger
field masses and conformal dimensions of corresponding operators is established.
1
The correspondence (duality) between supergravity on d+1-dimensional Anti-de Sitter
space and a certain superconformal field theory on its d-dimensional boundary, proposed
in [1] and elaborated in [2, 3] has already undergone a large number of examinations.
The most important example of this correspondence is provided by IIB supergravity
on AdS5 × S5 background which is dual to N = 4, D = 4 SYM, appearing on the
AdS5 boundary. Another pair of dual theories involve eleven-dimensional supergravity
compactified on AdS7 × S4 and (2,0) superconformal field theory on the AdS7 boundary.
According to this correspondence all physical exitations of the bulk supergravity can
be put in one-to-one correspondence with the composite operators of the conformal the-
ory on the boundary and the generating functional for these operators is equal to the
exponentiated classical supergravity action calculated on-shell with the given boundary
conditions specified by the function φ0〈
exp
(∫
∂AdSd+1
ddxOφ0
)〉
CFT
= exp(−I(φ)). (1)
Thus in order to find the correlation functions of operators in conformal field theory
one has to solve the classical Dirichlet problem for the corresponding supergravity field
on the AdS space. It gives the direct way to check the correspondence: one should
compare the correlation functions expected in conformal field theories and those obtained
via supergravity. In this way two-point functions of local operators corresponding to the
scalar fields [3, 4, 5, 6, 7], vector fields [3, 6, 8, 9], spinor fields [10, 8], metric tensor
fields [11, 12, 13], antisymmetric form fields [14, 15, 16] and massless Rarita-Schwinger
fields [17, 18] were investigated and the agreement with the conformal field results was
established. Also various three-point correlation functions for these fields were examined
[4, 5, 6, 8, 19, 20]. In all cases the results are in agreement with those expected in the
conformal field theory. In this note we consider the massive Rarita-Schwinger field and
study its two-point correlation function.
The general action for the massive Rarita-Schwinger field Ψµ in a d + 1-dimensional
curved space is [21]
S =
∫
dd+1x
√
g(Ψ¯µΓ
µνρDνΨρ −m1Ψ¯µΨµ −m2Ψ¯µΓµνΨν). (2)
Here Dµ is a covariant derivative, Γ
µνρ = Γ[µΓνΓρ], Γµν = Γ[µΓν], where Γµ are curved
space gamma matrices connected with the flat space gamma matrices γa via vielbein
eaµ: Γµ = e
a
µγa, µ, a = 0, 1, .., d. The flat space gamma matrices are subjects of the
anticommutation relations {γa, γb} = 2δab. We suppose that the background is d + 1-
dimensional Euclidean Anti-de Sitter space with the coordinates x = (x0, ~x) = (x0, xi),
where x0 > 0, i = 1, .., d. The hypersurface x0 = 0 will be considered as the AdS
boundary. The corresponding AdS metric has the form
ds2 =
1
x20
(dx20 + dxidx
i) (3)
and we can specify the vielbein as
eaµ =
1
x0
δaµ. (4)
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Below we will investigate the action (2) with rather general mass parameters m1 and m2.
However the most interesting results are related with the Rarita-Schwinger field on AdS5
appearing in the compactification of IIB supergravity on AdS5 × S5. The corresponding
mass spectrum was found in [22] and consists of three sets of states:
m1 = −(3/2 + k), m2 = 0, k = 0, 1, 2, ..
m1 = 7/2 + k, m2 = 0, k = 0, 1, 2, ..
m1 = 0, m2 = −3/2.
The action (2) leads to the following equation of motion
ΓµνρDνΨρ −m1Ψµ −m2ΓµνΨν = 0, (5)
which can be rewritten in the equivalent form
Γν(DνΨρ −DρΨν)−m−Ψρ + m+
d− 1ΓρΓ
νΨν = 0, (6)
where m± = m1 ±m2. For the future convenience we project the Rarita-Schwinger field
on the vielbein introducing
ψa = e
µ
aΨµ. (7)
Substitution of this field and vielbein (4) in Eq. (6) is straightforward and gives
x0γ
a∂aψb − x0∂b(γaψa)− γbψ0 − d
2
γ0ψb − 1
2
γ0γb(γ
aψa)
+
3
2
δ0b(γ
aψa)−m−ψb + m+
d− 1γb(γ
aψa) = 0. (8)
Following Witten [3], in order to solve these equations we will find a solution which
depends only on x0 coordinate and has a singularity on the infinity and then apply the
inversion (accompanied by the rotation of the vielbein), which moves the singularity to
the boundary x0 = 0. The fields depending only on x0 coordinate are the subject of the
following equations
x0γ
0∂0ψ0 − (d
2
+ 1)γ0ψ0 −m−ψ0 = x0∂0χ− m+
d− 1γ0χ− χ, (9)
x0γ
0∂0ψi − d
2
γ0ψi −m−ψi = 1
2
γ0γiχ− m+
d− 1γiχ+ γiψ0, (10)
where we denote χ = γaψa. It is easy to see that these equations put the constraints on
the fields
(d− 1− 2m−γ0)ψ0 = (d− 1 + 2m2γ0)χ. (11)
Taking (11) into account we get the following solution for the equations (9), (10)
ψ0 = x
d/2+C
0 b
+
0 + x
d/2−C
0 b
−
0 , (12)
ψi = x
d/2+m−
0 b
+
i + x
d/2−m−
0 b
−
i −
− 2m1
d(d− 1− 2m2)x
d/2−C
0 γib
−
0 −
2m1
d(d− 1 + 2m2)x
d/2+C
0 γib
+
0 , (13)
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where
C =
d(d− 1)
4m1
+
(m1 −m2)(m1 + dm2)
m1(d− 1) (14)
and b±0 , b
±
i are constant spinors with a definite chirality (γ0b
+
a = b
+
a , γ0b
−
a = −b−a ). Also
b±0 , b
±
i are the subject of the additional relations
γib+i = 0, γ
ib−i = 0. (15)
Applying O(d+1,1) transformation of the AdSd+1 isometry group we can map infinity
to an arbitrary point on the boundary x0 = 0. It introduces the dependence on xi
coordinates. The corresponding transformation is
xµ −→ xµ
x20 + ~x
2
. (16)
Note that an application of this transformation changes the vielbein (4), so in order to
get a solution in an old local Lorentz frame we have to transform a vielbein as follows
eaµ −→ Labebµ, where Lab = δab −
2xaxb
x20 + ~x
2
. (17)
This inversion of a vielbein is supplemented by an appropriate transformation of the spinor
field [24]
ψa −→ Lba
x0γ
0 + xiγ
i√
x20 + ~x
2
ψb. (18)
Note that this transformation changes the sign of gamma-matricies so in order to recover
the invariance of equations of motion we have to change all mass signs. The above
procedure, applied to the solution (12), (13) gives us bulk-to-boundary propagator for the
gravitino field. The contraction of this propagator with arbitrary functions yields
ψ0 =
∫
ddy

(x0γ0 + (x− y)iγi)xd/2−Cγ00
(x20 + (~x− ~y)2)(d+1)/2−Cγ0
(1− 2x
2
0
x20 + (~x− ~y)2
)b0(~y)
−2(x0γ
0 + (x− y)iγi)xd/2+1−m−γ00
(x20 + (~x− ~y)2)(d+1)/2+1−m−γ0
(x− y)ibi(~y)
− 4m1
d(d− 1 + 2m2)
(x0γ
0 + (x− y)iγi)xd/2+1+C0
(x20 + (~x− ~y)2)(d+1)/2+1+C
(x− y)iγib−0 (~y)
− 4m1
d(d− 1− 2m2)
(x0γ
0 + (x− y)iγi)xd/2+1−C0
(x20 + (~x− ~y)2)(d+1)/2+1−C
(x− y)iγib+0 (~y)

 , (19)
ψi =
∫
ddy

(x0γ0 + (x− y)iγi)xd/2−m−γ00
(x20 + (~x− ~y)2)(d+1)/2−m−γ0
(δij − 2(x− y)i(x− y)j
x20 + (~x− ~y)2
)bj(~y)
−2(x0γ
0 + (x− y)iγi)xd/2+1−Cγ00
(x20 + (~x− ~y)2)(d+1)/2+1−Cγ0
(x− y)ib0(~y)
4
+
2m1
d(d− 1 + 2m2)
(x0γ
0 + (x− y)iγi)xd/2+C0
(x20 + (~x− ~y)2)(d+1)/2+C
(δij − 2(x− y)i(x− y)j
x20 + (~x− ~y)2
)γjb
−
0 (~y)
+
2m1
d(d− 1− 2m2)
(x0γ
0 + (x− y)iγi)xd/2−C0
(x20 + (~x− ~y)2)(d+1)/2−C
(δij − 2(x− y)i(x− y)j
x20 + (~x− ~y)2
)γjb
+
0 (~y)

 . (20)
Eq. (19) and (20) give the general solution to the equations of motion (8). In the same
way we construct the solution for the conjugated spinors ψ¯a, that has the same form
except the change of all mass signs.
Now we have to impose the appropriate boundary conditions on the infinity and on
the hypersurface x0 = 0. Namely, in the solution (19), (20) we keep only the terms,
which vanish as x0 goes to infinity. Note that the asymptotic behavior of the fields
essentially depends on the values of the constants d, m1 and m2. Moreover, different
terms in (19), (20) have different limits as x0 tends to zero. In order to be concrete
in all formulae below we suppose m1 and m1 − m2 to be positive (all other cases could
be studied in the same way). We denote ψa = ψ
′
a[b
±
i ] + ψ
′′
a [b
±
0 ], where we collect in
ψ
′
a all terms depending on bi and in ψ
′′
a all terms depending on b0. The fields b
±
i (~y)
define the asymptotics of x
−d/2+m−
0 ψ
′
a[b
±
i ]. As in the Dirac case [10] in order to obtain a
square integrable asymptotics on the boundary we have to put b+i (~y) = 0. The asymptotic
behavior of the terms x
−d/2+m−
0 ψ
′′
a [b
±
0 ] is determined by the relation between two constants
m− and C. In general, due to these relations the functions b0 couldn’t be fixed by
the boundary data, since all the terms x
−d/2+m−
0 ψ
′′
a [b
±
0 ] vanish or go to infinity as x0
approaches zero. Thus only b−i are determined by the boundary conditions. Note that in
the particular case b0 = 0 we have the following solution to the Dirichlet problem for the
Rarita-Schwinger field on the AdSd+1 space
ψ0(x0, ~x) = −
∫
ddy
2(−x0 + (x− y)iγi)xd/2+1+m−0
(x20 + (~x− ~y)2)(d+1)/2+1+m−
(x− y)ib−i (~y), (21)
ψi(x0, ~x) =
∫
ddy
(−x0 + (x− y)iγi)xd/2+m−0
(x20 + (~x− ~y)2)(d+1)/2+m−
(
δij − 2(x− y)i(x− y)j
x20 + (~x− ~y)2
)
b−j (~y). (22)
The general scheme of AdS/CFT correspondence [3] prescribes us to calculate the clas-
sical action on-shell with given boundary conditions. The action for the Rarita-Schwinger
field (2) is linear so it vanishes on-shell. As in the Dirac case [10] it should be supplied by a
special boundary term, which should be covariant and quadratic in the Rarita-Schwinger
fields [17, 18]. We take such term in the form I = I1 + I2, where
I1 = const · lim
ε→0
∫
Mε
d
ddx
√
gεΨ¯i(~x)g
ij
ε Ψj(~x), (23)
I2 = const · lim
ε→0
∫
Mε
d
ddx
√
gεΨ¯i(~x)Γ
iΓjΨj(~x). (24)
Mεd is the hypersurface x0 = ε,
√
gε is a volume element in the induced metric gij on this
hypersurface. The second structure (24) doesn’t contribute to the correlation function
of operators coupled to b−i since on-shell we have γ
aψa ∼ b0. In order to calculate I1
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we will substitute (20) and the corresponding solution for the conjugated spinor in (23)
and rewrite it as a sum of the integrals with the similar structure. So the integral to be
computed is
G(y1, y2, ǫ) =
∫
ddxε−d
(
δim − 2(x− y1)i(x− y1)m
ε2 + (~x− ~y1)2
)
×
×
(
εγ0 + (x− y1)kγk
(ε2 + (~x− ~y1)2)d/2+1/2+σ ε
d/2+σ
)(
εγ0 + (x− y2)jγj
(ε2 + (~x− ~y2)2)d/2+1/2+ρ ε
d/2+ρ
)
×
×
(
δin − 2(x− y2)i(x− y2)n
ε2 + (~x− ~y2)2
)
. (25)
In Appendix we argue that this integral is singular in the limit ǫ → 0 if the difference
between ρ and σ is not integer. Except very special cases of masses the difference between
C and m− is not integer, so the terms mixing b0 and bi give a singular contribution in
I1. Therefore if we perform the ”minimal” renormalization [4], i.e. just drop out singular
terms, we get that the generating functional doesn’t depend on the terms containing
simultaneously b0 and bi. So the correlation functions of operators coupled to bi are
determined by the term involving only bi. In order to calculate the latter one we will also
use the results of Appendix. In this case the hypergeometric function 3F2 in (36) turns
to 2F1, so we have
∫
ε2m−+1
(ε2 + (~x− ~y1)2)(d+1)/2+m−(ε2 + (~x− ~y2)2)(d+1)/2+m− d
dx
=
const
εd+2m−+1
2F1
(
d
2
+ 1 + 2m−,
d
2
+
1
2
+m−;
d
2
+m− + 1;−|~y1 − ~y2|
2
4ε2
)
=
const
(4ε2 + (~y1 − ~y2)2)(d+1)/2+m− 2F1
(
d
2
+
1
2
+m−,−m−; d
2
+m− + 1;
|~y1 − ~y2|2
4ε2 + |~y1 − ~y2|2
)
(26)
The result for the integral turns out to be
I1 = const ·
∫
ddy1d
dy2b¯
+
i (~y1)
(y1 − y2)kγk
|~y1 − ~y2|d+1+2m− (δij −
2(y1 − y2)i(y1 − y2)j
(~y1 − ~y2)2 )b
−
j (~y2). (27)
As it was noted in [4, 7] the integrals obtained after calculation the actions on-shell and
taking the limit ǫ → 0 are divergent and need the regularization. It was suggested to
make renormalization or to consider the integral (27) as a value of the distribution
(y1 − y2)kγk
|~y1 − ~y2|d+1+2m− (δij −
2(y1 − y2)i(y1 − y2)j
(~y1 − ~y2)2 ) (28)
on a test function. The Fourier transform of this distribution is
F
[
ykγ
k
|~y|d+2m−+1 (δij −
2yiyj
~y2
)
]
= const·p2m−1pkγk
(
δij +
2
(d+ 2m− − 3)(d+ 2m− − 1)
pipj
p2
)
(29)
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for 2m− + 1 6= 2k, where k = 0, 1, .. and p = |~p|. The overall factor in (29) is not
important for us. Also we take in account that the test functions in (27) are the subject
of the restriction γibi = 0. When 2m− + 1 is even, the Fourier transform includes a
logarithmic term
F
[
ykγ
k
|~y|d+2m−+1 (δij −
2yiyj
~y2
)
]
= const · p2m−1 log p
c
pkγ
k
(
δij +
2
(d+ 2m− − 3)(d+ 2m− − 1)
pipj
p2
)
. (30)
As it was noted in [7] the distributions of this type are not conformal invariant.
The general scheme prescribes to variate the unconstrained fields on the boundary,
however, we have a restriction γibi(~y) = 0. It means that we should introduce a projection
operator on this constraint, namely
bi(~y) = (δij − 1
d
γiγj)b˜j(~y) = Πij b˜j(~y), (31)
where b˜j(~y) is an unconstrained field. Taking it into account and using (27) we obtain
〈
Σ+iα(~y1)Σ
−
jβ(~y2)
〉
= const · Πik (y1 − y2)i(γ
i)αβ
|~y1 − ~y2|d+1+2m− (δkl −
2(y1 − y2)k(y1 − y2)l
(~y1 − ~y2)2 )Πlj , (32)
Σiα(~y) is a conformal field operator which corresponds to the Rarita-Schwinger field in
supergravity. Note that the second projection operator in (32) could be eliminated by the
trivial algebraic transformations, so only the first one is really necessary. The obtained
correlation function coincides with the projected two-point correlation function expected
in the conformal field theory for operators with spin-3/2 [26] and with the conformal
dimension
∆ =
d
2
+m−. (33)
For the massless case m1 = 0 these results coincide with those obtained in [17, 18].
In this note we have considered the action for the massive Rarita-Schwinger field in the
Anti-de Sitter space and solve the corresponding equations of motion. According to the
prescriptions of AdS/CFT correspondence we have demanded the appropriate boundary
behavior of the field and using the special boundary terms we have obtained the two-
point correlation function for the conformal field theory operators with spin-3/2. In our
consideration we didn’t specify the AdS dimension d and the parameters m1 and m2 of
the Rarita-Schwinger field. However we implied that these parameters are subject of the
special relations: we supposed that the difference between C and m− is not integer. It is
easy to see that for the Rarita-Schwinger field masses in IIB supergravity on AdS5 × S5
[22] and in eleven-dimensional supergravity on AdS7 × S4 [23] the above condition is
satisfied.
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Appendix
The purpose of this Appendix is to give an explicit calculation of the general integral (25).
Performing multiplication, one can get
G(y1, y2, ǫ) =
∫
ddxερ+σ
ε2 + (x− y1)kγk(x− y2)jγj − ε(y1 − y2)kγkγ0
(ε2 + (~x− ~y1)2)d/2+1/2+σ(ε2 + (~x− ~y2)2)d/2+1/2+ρ×
×
(
δmn + 4
(x− y1)i(x− y2)i(x− y1)m(x− y2)n
(ε2 + (~x− ~y1)2)(ε2 + (~x− ~y2)2)
−2(x− y1)m(x− y1)n
ε2 + (~x− ~y1)2 − 2
(x− y2)m(x− y2)n
ε2 + (~x− ~y2)2
)
. (34)
We will consider (34) as a sum of different terms with the similar structure, it will
unify our investigation. Also the succeeding analysis will be simplified if we rewrite each
term applying the Fourier transformation. We use the following Fourier transformation
formula:
2αΓ
(
d
2
+ α
)
εα
(ε2 + (~x− ~y)2)d/2+α = const ·
∫
ddpei~p(~x−~y)pαKα(εp) (35)
where Kα is a modified Bessel function with index α and p = |~p|. The contraction of
two propagators in (34) turns into the product of their Fourier images. The remaining
integral could be found explicitly in [27], so we get∫
e−i~p( ~y1− ~y2)pµ+νKµ(εp)Kν(εp)d
dp =
=
const
εd+µ+ν
2d/2+µ+ν−2Γ (d/2 + µ+ ν) Γ (d/2 + ν) Γ (d/2 + µ)
Γ (d+ µ+ ν)
×
3F2
(
d/2 + µ+ ν, d/2 + ν, d/2 + µ;
d+ µ+ ν
2
,
d+ µ+ ν + 1
2
;−|~y1 − ~y2|
2
4ε2
)
. (36)
All factors like pm appearing after differentiation of (35) could be obtained by applying the
operator i ∂
∂ym
to (36). The circle of convergence for the hypergeometric function 3F2(z)
is |z| < 1. So, in order to find the limit ε → 0 we have to apply the formula of analytic
continuation, known in the theory of the hypergeometric functions
3F2(a1, a2, a3; b1, b2; z) =
Γ(b1)Γ(b2)
Γ(a1)Γ(a2)Γ(a3)
[
Γ(a1)(−z)−a1 Γ(a2 − a1)Γ(a3 − a1)
Γ(b1 − a1)Γ(b2 − a1)×
3F2(1 + a1 − b1, 1 + a1 − b2, a1; 1 + a1 − a2, 1 + a1 − a3; 1/z)
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+Γ(a2)(−z)−a2 Γ(a1 − a2)Γ(a3 − a2)
Γ(b1 − a2)Γ(b2 − a2)×
×3F2(1 + a2 − b1, 1 + a2 − b2, a2; 1 + a2 − a1, 1 + a2 − a3; 1/z)
+Γ(a3)(−z)−a3 Γ(a1 − a3)Γ(a2 − a3)
Γ(b1 − a3)Γ(b2 − a3)×
× 3F2(1 + a3 − b1, 1 + a3 − b2, a3; 1 + a3 − a1, 1 + a3 − a2; 1/z)
]
. (37)
Taking into account, that F (0) = 1 we find three terms with the different behavior as
ε tends to zero. In our concrete case of the integral (34) we have µ = σ + 1/2 − n,
ν = ρ + 1/2 −m, where m, n are integers, which are different for each term in (34). So
we find that three mentioned types of behavior as ε→ 0 are
εσ+ρ+d+1−n−m, εσ−ρ−n+m, ερ−σ+n−m. (38)
Note that the powers in the second and the third types are inverse to each other, so if the
difference between ρ and σ is not integer we have a singular contribution.
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